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Abstract� Volume transformations of medical images play an important role for many applications
such as registration of di�erent modalities� mapping atlases onto clinical data� or simulation of
surgical procedures� While registration and atlas mapping can for the major number of applications
be performed without tight time constraints� it is essential for simulation systems that they allow
real�time interaction� As any computational method in volumes is usually very time consuming�
current approaches do mainly concentrate on surface manipulations instead of transforming the
entire volume� This paper describes an approach� which overcomes this problem by 
rst de
ning
the volume manipulation on basis of surface models� which ensure real time performance� and in
a second step the transformation is applied to the entire volume by interpolating the mapping
parameters using scattered data interpolation methods�

� Introduction

Geometric volume transformations often are a matter of interest when handling tomographic images in
medicine� Currently� registration procedures are the main area of application and have already entered
clinical routine� For the purpose of multi�modal registration� a global a�ne transformation of one of
the volumes is usually su�cient ��� ��	 if we assume that image distortions introduced by the scanning
devices have been corrected in advance� The situation gets much more complex if we enter the 
eld of
atlas registration� which requires non�linear transformations for compensation of morphological di�erences
between the atlas and the subject under consideration�

Simulation procedures build another large 
eld where volume transformations can be used and cover
a variety of medical applications�

� Simulation of classical surgical procedures� Open the operation 
eld and shift� remove� replace� or
sculpture structures�

� Simulation of endoscopic procedures� Blow up the area of investigation and deform the esophagus�
the stomach� or the intestine as the endoscope is pushed through them�

� Simulation of growing morphological structures� Select a seed�area and let the included structures
grow 
for study of genesis�� or insert a seed point for a lesion and see the e�ects of its growth�

� Assessment of inter�individual variation� Select corresponding structures of di�erent individuals and
map them onto each other or onto a common reference�

It is obvious that non�linear volume transformations are again required for all such procedures� These
transformations usually lead to expensive computations� while for simulation of surgery or endoscopy
real�time execution is required for enabling realistic feedback� Therefore current systems ��� �� �� ��	
concentrate on transformation of surfaces only� which introduces a number of drawbacks� because all
structures are hollow and can hence not represent reality�

In this paper we describe a method� which o�ers true volume transformations at any stage of a
simulation procedure� While the de
nition of the transformation is still based on surface models in
order to provide real�time interaction� the volume transformation is computed in the entire volume by
interpolating the mapping parameters using scattered data interpolation methods�

� Method

This section covers three di�erent topics� which are necessary to apply volume transformations within an
volume interaction environment ��	� which is suitable for di�erent applications� The volume interaction



environment allows segmentation ���	 of volume objects from di�erent tomographic sources 
CT� MRI�
histological slices� and exploration of these objects via comprehensive �D visualization techniques ��� ��	�

The 
rst subsection describes� how to introduce surface models into the volume context� for example
models of medical devices like the tip of an endoscope� or surface representations of morphological struc�
tures� which are contained in the volume� The di�erent ways of interaction with the surface model within
the volume context are described in second subsection� and the third subsection shows how to extend the
de
nition of the volume transformation from the surface models to the entire volume�

��� Surface model

The 
rst objective is to set up a surface model for real�time interaction in the context of the volume�
The design of the model shall have several degrees of freedom such that it can be adapted to di�erent
applications� We are therefore using a model M with two layers of parameters� It can be formalized as

M
P�� n�� n�� n�������

The 
rst layer describes an orthogonal coordinate system with origin at P� and directions ni� This
coordinate system spans a hull with shape parameters � and �� The parameter � can take discrete values
from a limited set� where each element corresponds to a 
xed basic shape of the model 
tab� ��� There
are three classes of shapes corresponding to elemental solids E 
e�g� ellipsoid or cone�� compositions C of
solids� which are usually approximations of medical devices� and triangular meshes T for keeping surface
representations of volume objects�

The parameter � is a tuple of variable length with boolean� integer� or �oat elements� Their number
and type is depending on the value of �� Typical parameters� which are determined by � are extent�
mesh width� number of elements composed 
for class C�� or whether the solids are closed or open� The
possible values for �� which have been realized so far are listed in table �� and 
gure � shows the model�s
appearance for di�erent values of � and ��

The parameter value � � T di�ers from all other parameters in the way� that the corresponding
model is not determined by a closed analytical description� but instead uses a pure enumeration of surface
elements� This option is necessary for storing arbitrary surface models� which are usually obtained from
volume objects by triangulation� For this purpose we are using the marching cubes technique ��	 extended
by a method for reducing the number of triangles ���	�

� Shape � Shape � Shape � Shape

E� Plane E� Star C� Arrow T Triangular mesh
E� Ellipsoid E� Torus C� Dumbbell
E� Cone E� Cylinder C� Ultrasound�sensor
E� Cube C� Head of endoscope

Table �� Values for the basic shape parameter � and corresponding appearances of the model� The values Ei

represent elemental solids� Ci represent compositions of solids� and T stands for triangular meshes of arbitrary
shape�

For later use of the model it is essential that it can be displayed very fast� Therefore the model is
also represented in the typical fashion of computer graphics as three lists of points fPig� lines fLig� and
triangles fTig�

fPig 
i � �� � � � � nP � Pi � IR�� includes the hull�points after discretization of the model according to �
and ��

fLig 
i � �� � � � � nL� Li � f�� � � � � nP g
�� is a list of line�elements and determines� which two points from

fPig shall each be linked by a line� if the model is displayed as a wire�frame�
fTig 
i � �� � � � � nT � Ti � f�� � � � � nP g

�� is a list of triangle�elements and determines� which three points
from fPig shall each build a triangular patch� if the model is displayed with shaded surfaces�

In 
gure � the di�erent appearances of the model are shown as wire�frames without any further context
in order to enhance the method of construction� But as the model shall serve as an aid for de
nition of



Fig� ��Di�erent appearances of the surface model� Top row� Coordinate system without hull and with two di�erent
cylindrically shaped hulls shaped hulls �� � E�� corresponding to two di�erent settings for the parameter�vector
�� which in this case determines the curvature� Bottom row� Two compositions of elemental solids �arrow � � C��
and dumbbell � � C��� and a surface representation of a part of the intestine �� � T ��

volume transformations� it is essential that it can be displayed in a natural way within the context of the
volume� The rendering routines for the model are hence considering all geometric mapping parameters�
which are used for any image 
�D or �D� obtained from the volume� The surface rendering uses the
z�bu�er of �D images in order to be consistent regarding hidden surfaces� If the model is visualized with
shaded surfaces� the illumination parameters are also equivalent to those of the volume based image 

g�
� left�� When the model is to be displayed on �D slices of the volume� this can be performed by orthogonal
�D visualization 

g� � middle�� or the list of triangles fTig can be used to compute the intersection of
the model with the slice for showing the outline of the intersection 

g� � right��

Fig� �� Visualization of the surface model on images obtained from the volume� Left� Perspective �D rendering
within the context of volume objects� Hidden surfaces and illumination are computed on common parameters in
order to achieve a consistent appearance of the model� Right� Display of the model on planes of the volume either
by orthogonal �D rendering �left� or outlining of the intersection area �right��



��� Interaction

The last subsection described the static construction of the surface model and how to adapt it to di�erent
circumstances� For its primary use of de
ning volume transformations� the second important question is
how to modify the surface model intuitively and quickly� As we want to use the method on a common
workstation� the only input device we can use is a standard mouse� Any interaction with the model must
therefore be performed in the following way�

�� User action 
� movement of mouse�
�� Derivation of a �D modi
cation of the model from the �D movement
�� Computation of the transformation of the whole model
�� Output of the transformed model 
on the screen�

Steps � and � do not need much discussion� as step � is a natural method for any interaction with
standard computers� and step � means the �D rendering procedures� which are based on well known
computer graphics techniques ��	� Steps � and � are however critical for the goal of an intuitive and fast
method�

Interaction with the surface model For transformation of the model according to the user action
with the mouse there is a large set of modes� which can be grouped into three di�erent classes 

g� ���

� Global functions of di�erent sub�classes are used for an overall general modi
cation of the model�
Polynomial functions up to second order are used to perform global movements 

rst order� or simple
distortions 
second order�� More general mappings are used to model elastic deformations 
e�g� via
thin�plate�splines or warping schemes��

� Local displacements of the model�s hull are expressed by displacements of the mesh points� Any mesh
point can be selected for interactive displacement� and several points can be grouped for common
modi
cations�

� Parameter modi
cations of the parameter vector �� For these modes mouse movement will result in
modi
cation of one or several elements of �� e�g� for changing the geometry of a model for a surgical
device�

Fig� �� Di�erent classes of interaction� where each image represents a state during a continuous interaction� The
model can be transformed via global functions �top�� local modi
cations of the mesh points �middle�� or changes
of the parameter vector � �bottom��

The main problem� when having only a �D mouse for de
nition of a �D transformation is the lack
of a third dimension� The common way to solve this problem is to use the keyboard for switching to



the missing dimension� For example� a free �D rotation could in this way be de
ned by assigning the
X�rotation to the up�down movement� the Y�rotation to the left�right movement� and the Z�rotation to
the left�right movement� while a certain key is pressed� This is of course not intuitive and causes major
di�culties for many users� Hence we prefer to use one of the following two methods for de
nition of �D
actions�

� The number of degrees of freedom for the model�s transformation can be reduced� In this way every
dimension of the transformation can be assigned to one of the mouse directions� A �D translation
could e�g� be restricted to a plane or to the direction perpendicular to an object surface� The restricting
elements can usually be determined from the context of the application�

� The �D transformation could be de
ned indirectly by de
nition of an auxiliary item� which can be
de
ned more easily� For example� a free rotation could be de
ned by selection of a point� towards
which a certain axis of the model shall be rotated�

Computation of the transformation of the model The method described above ensures� that the
interaction with the model can be performed as intuitive as possible with a �D mouse� For real�time
execution it is now critical� that the transformation can be applied with as little computational expense
as possible� The detailed way of computing the transformation of the model depends on the actually
selected transformation mode� In principle� there are the following two main steps� which have to be
performed�

�� Transformation of all hull points according to the transformation�
�� Transformation of all hull points from object space into the space of the image� in which the model

is to be displayed� This means multiplication of every point with a homogeneous 
�� ���matrix�

As there is a large variety of possible volume transformations to be de
ned� it is impossible to make
a clear general statement on the computational costs� For a�ne transformations� the computation is
very cheap� because for the transformation itself it is su�cient to transform the coordinate system of
the model only� resulting in a new matrix� which can be combined with the image matrix of the second
step� For general non�linear transformations� the expense depends directly on the complexity of the active
transformation mode� While displacing groups of mesh points is cheap� because only a local small portion
of the model needs to be transformed� polynomial mappings require by far more computation time� and
parameter modi
cations may be expensive if the model�s geometry is complex�

One possible way of saving time� which can be taken under any circumstances� is to keep the complexity
regarding the model�s number of surface elements as low as possible� Especially during the initial state
of an application it is usually acceptable to work with models in lower resolution�

��� Volume interpolation

The model described in the previous two subsections o�ers the functionality of interactively de
ning
volume transformations in a very general fashion� As our main intention is to obtain true volume trans�
formations� the transformation has to be spread from the surfaces of the model to every single voxel in
the volume in order to assign a displacement vector to every discrete point� Techniques� which could be
used for this are known as scattered data interpolation methods� because the given data points are not
well ordered for parameter�guided standard interpolation� In general� we have to deal with the following
interpolation problem�

We have a set of source points fAig� which are taken from the surface model in the original state�
and a set of target point fZig� which are taken from the transformed surface model� The problem is to

nd an at least steady function

f
P � � IR� � IR� with f
Ai� � Zi for all i�

We have investigated two di�erent interpolation schemes for this problem�

Interpolation with weighted local interpolators The most obvious approach is to construct f as
a weighted sum of locally interpolating functions fi�

f
P � �

nX

i��

�i
P � fi
P ��



where
fi � IR

� � IR�� fi
Ai� � Zi for all i�

and
�i � IR

� � IR

are normalized weight functions with

�i
Ai� � � for all i� �i
Aj� � � for all i �� j�

�i
P � � � and
nX

i��

�i
P � � � for all P � IR��

This approach has originally been proposed in ���	� For our method we followed a choice for fi and
�i� which is described in ���	�

fi
P � � Zi � L
P �Ai��

where L � IR� � IR� is a linear functional� which minimizes a global error function� The weights are
chosen as

�i
P � �
�i
P �Pn

j�� �j
P �

with

�i
P � �
�

kP �Aik�

The construction of this interpolation scheme follows basically geometric ideas� It is therefore not
surprising� that artifacts are occurring� if the range of displacements is increasing� This problem does not
occur with the second approach�

Interpolation with thin�plate splines Interpolation with thin�plate splines has successfully been
introduced to �D image processing ��	 and can directly be generalized for �D applications� The construc�
tion of thin�plate splines origins from mechanics� which results in much better behavior for even strong
displacements compared to interpolation with linear local interpolators� The interpolating function f is
constructed as a linear combination of functions of the form

U
r� � r� log r� 
r � IR� r � ���

and an a�ne correction term�

f
P � �

nX

i��

�iU
kP �Aik� � L
P � �Q��

where �i� Q� � IR�� and L � IR� � IR� is again a linear functional� The function U is a fundamental
solution of the biharmonic equation 	�U � �� The Vectors �i and Q� and the coe�cients of L are
determined by solving the following system of linear vector equations� which formalize the interpolation
condition and normalization�

nX

i��

�iU
kAj �Aik� � L
Aj� �Q� � Zj j � �� � � � � n

nX

i��

�i � �

nX

i��

�ixi � �

nX

i��

�iyi � �

nX

i��

�izi � �� where Ai � 
xi� yi� zi�
T



Volume resampling The remaining task is now� to actually perform the volume transformation by
resampling the new volume� As the integer�coordinates of the input volume are mapped onto �oat�
coordinates in the output�volume� a single input voxel will usually be spread on several output voxels�
or several input voxels will share one output voxel 
for shrinking transformations�� Di�erent resampling
solutions have been published for this problem ���	� In the current phase of this project we are using a
straight�forward approach� which transforms the � neighbors of every voxel and 
lls the volume spanned
by these neighbors in the output volume with the value of the central voxel� This 
lling is weighted
according to the percentage� which is covered in the respective output voxel�

� Results

The proposed methods have been implemented in ANSI�C on standard UNIX�workstations 
e�g� DEC
alpha�� They have been embedded in a comprehensive medical volume interaction system 
VOXEL�MAN�
and can thus be invoked in conjunction with many di�erent applications� The following subsections
describe two di�erent areas� in which the method can be applied�

��� Normalization of Shape

For comparison of di�erent individuals it is useful to transform di�erent volumes into a common general
shape� Such procedures are frequently proposed for brain studies� especially in the 
eld of computerized
atlases�

If the brain is assumed to be roughly ball shaped� di�erent brains can be transformed to spheres and
can hence be compared in their new normalized shape� For this purpose we are using the described model
in star�shape 
� � E��� The center of the star is located in the center of the brain� and every ray gets the
length� which makes it touch the outer surface� The rays have a certain width� which ensures that they
are long enough to leave the sulci� Figure � shows a �D image of a brain with the corresponding ray ends
each marked by small balls� The ray end points form the set fAig of source points�

We then take a star with equal number of rays but uniform length of ��� voxels and take their
end points as the set of target points fZig� After computation of the thin�plate spline the volume is
transformed and we end up with a ball shaped brain as shown in 
gure ��

While this application does in general not require real�time de
nition of the mapping� our approach
has the advantage� that corrections on the set of source points fAig can easily and quickly be performed�
Such corrections might e�g� be necessary when pathological changes in morphology are present�

��� Simulation of surgical procedures

For simulation of surgical procedures the described method o�ers the choice of two di�erent ways of
interaction depending on the question� whether the surface model represents the surgical device or the
examined structure� We illustrate this application with the example of a needle examination of a kidney�

The 
rst principle is to use the surface model as a representative for the needle by using the cylindrical
shape 
� � E�� with the interaction modes of free rotation and translation along a 
xed direction

determined by the rotation�� Hence the needle can be rotated and shifted along the speci
ed axis within
the context of the volume objects 

g� � left�� The mesh points around the tip of the needle are �sensitive�
and recognize� when they hit volume structures� Hence two sets of points can be obtained after having
shifted the needle into the kidney� Those points on the boundary of the kidney� which were hit by the
sensitive grid points when the tip of the needle penetrated the kidney� form the source points fAig for
the coming volume transformation� The current positions of the sensitive needle points form the target
points fZig� After computation of the volume transformation we obtain images like in 
gure �� which
show the deformed kidney�

The second principle is to 
ll the surface model with a triangular description of the considered kidney

� � T � 
g� � right�� The interaction mode is set to translation perpendicular to the last hit surface
element� When now moving the mouse� we immediately see a feedback of the deformed kidney surface�
because for the surface model the transformation can be computed very fast� Again the computation
of the true volume transformation can be released at any time of the procedure� e�g� in order to assess
internal structures 

g� ���

While both principles have the advantage of real�time interactivity� they both also have the disad�
vantage of showing only one aspect of the procedure at a time � either the surgical instrument or the
considered structure� This problem can be handled by switching from one principle to the other� which
can be done at any stage of the procedure�



Fig� �� �D image of a brain obtained from MRI� The markers show the end points of the rays corresponding to
the star shaped model�

Fig� �� Brain after volume transformation into a uniform shape� On the right a portion of the brain has been
removed for showing the e�ect of true volume instead of surface transformation�

� Conclusion

We have described a framework for interactive de
nition and execution of volume transformations� As it
is not based on any conditions on the type of the considered volumes or their contents� the method has
a very large range of possible applications� This is one of the major di�erences to existing approaches�
which are usually suited to single questions� Another di�erence is the fact� that our approach results
in true volume transformations� which are important for a comprehensive assessment of the structures
contained in the volume�

It is clear that such a complex system has many points� which are going to be subject for improvement�

� The set of interaction modes has to be expanded towards algorithms for mechanical simulations like

nite element methods� This will improve the realism of the local deformations� which are currently
based on mesh point displacements�

� While the interaction times are in the order of real�time 
for model complexity within a reasonable
range�� the resampling procedure for the volume transformation has to be performed more e�ciently
in order to apply the true volume transformation more frequently during the procedure�

� The surface model will be subject for automatic procedures for adaption to di�erent applicational
contexts� e�g� for automatically 
nding an optimal laparoscopic path� While there is no doubt that
many applications would bene
t from such algorithms� this also means to leave the scope of very
general applicability�

The two applications shown in the previous section are only 
rst attempts in showing the practicability



Fig� �� View of the left kidney and surrounding structures �bone� intestine� obtained from a spiral CT dataset of
an upper abdomen� The surface model mimics a needle and can be moved within the volume scene �left�� When
the needle touches the kidney� the deformation can not be visualized immediately� because the kidney is present in
its volume representation� This situation changes� if the kidney is replaced with the corresponding surface model
�right� in order to allow real�time manipulations� �The kidney is displayed as a wire�frame only instead of shaded
surfaces in order to enhance its di�erent representation compared to the volume objects��

Fig� �� Volume based renderings of the kidney after computation of the true volume transformation de
ned in

gure �� The imprint of the needle is clearly visible in the lower section of the organ� The cuts through the kidney
show the treatment�s e�ects on internal structures� For comparison the very right image shows the corresponding
structure without deformation�

of the method� Other possible applications could only brie�y be mentioned and will � as the two others �
be subject of further developments�
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